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Abstract
Solitons in nonlinear optics holds a special role both in theoretical and experimental
studies. Several types of evolution equations are seen to govern different situation of physical
relevance. One such is the existence of both resonant and nonresonant situation in optical
fibre. The corresponding evolution equation was devised by Doktorov et. al., which consists
of a forced NLS equation along with two other equations for population difference and
polarization. Here, we have followed an earlier formulation of Neugebauer for Darboux-
Ba¨cklund transformation for this coupled systems. This formalism has the advantage that
one can write the N-soliton solution altogether.An important difference with the usual non-
linear system is that all the field variables are not present in both part of Lax operator. So
we are to apply the DT to both part separately.
PACS Number(s): 05.45.Pq, 05.45.Ac, 05.45.-a.
Keywords: Darboux-Ba¨cklund,Neugebauer,Multi soliton state,Reimann-Hilbert Prob-
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1 Introduction
The possibility of existence of soliton in a medium which has both resonant and non-resonant1
(non-inertial Kerr type)nonlinearities2 has opened up a hole new set of nonlinear pde’s which
are worth studying. It has been shown by Vlasov et. al.3 that soliton in such situation can
be generated by the scanning of light beams over the nonlinear medium4 surface provided
beam diffraction occurs. It is actually an instance of nonuniform electrodynamic event in
nonlinear optics. Suppose in the nonlinear medium E, P , and N stands respectively for
the electric field, polarization and population difference. Also η for the refractive index and
written as η = η0 + t
2 | E |2 which includes Kerr effect. By suitable scaling of these three
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variables, the nonlinear equations for the pulse propagation was found to be
et + ez + iexx + 2iβ
2 | e |2 e = −ρ
ρt + iδρ = en
nt = −
1
2
(eρ∗ + e∗ρ) (1)
with
E =
~ωp
µ
e
P = −iµN0ρ
N = N0n (2)
It was observed in the reference(3) that under stationary condition at the surface
e(t, x, z = 0) = eo(x− vt)
v0 =
√
2k0η0
ωpc
V0 (3)
whence equation(1) reduces to
ez′ − v0ex′ + iex′x′ + 2iβ
2 | e |2 e = ρ
−v0ρx′ + iδρ = en
v0nx′ =
1
2
(eρ∗ + e∗ρ) (4)
depending on two variables (x′, z′). It is now important to observe equation(4)has got a Lax
pair written as
Ψx = UΨ
Ψz = VΨ (5)
with
U = βeZ+ − βe
∗Z− − 2iζZ3 (6)
and
V = −β
[
iex +
(
2ζ −
1
2β
)
e−
iρ
2(ζ + βδ)
]
Z+
−β
[
ie∗x −
(
2ζ −
1
2β
)
e∗ −
iρ∗
2(ζ + βδ)
]
Z−
+i
[
β
ζ + βδ
n− 2β2 | e |2 +2ζ
(
2ζ −
1
2β
)]
Z3 (7)
where Z± and Z3 are the su(2) generators satisfying the commutations
[Z3, Z+] = Z+ (8)
[Z3, Z−] = −Z− (9)
2
[Z+, Z−] = Z3 (10)
Introducing the simplest representation of su(2) we can rewrite the equation(5) with Ψ =
(ψ1, ψ2)
T as
ψ1x + iζψ1 = βeψ2 (11)
ψ2x − iζψ2 = −βe
∗ψ1 (12)
and
ψ1z = Aψ1 +Bψ2 (13)
ψ2z = Cψ1 − Aψ2 (14)
with
A =
i
2
[
β
ζ + βδ
n− 2β2 | e |2 +2ζ
(
2ζ −
1
2β
)]
B = −β
[
iex +
(
2ζ −
1
2β
)
e−
iρ
2(ζ + βδ)
]
C = −β
[
ie∗x −
(
2ζ −
1
2β
)
e∗ −
iρ∗
2(ζ + βδ)
]
(15)
2 Darboux-Ba¨cklund transformation
The Darboux-Ba¨cklund Transformation is an useful tool for thew construction of multi-
soliton states from a seed solution5. At the present moment there exist three different
approach for its construction. One is the usual matrix transformation of the seed eigenvector
of the Lax operator6, the second one invokes such a transformation by the choice of the pole
structure(in the complex ζ plane) of the new eigenfunction as in the case Riemann-Hilbert
problem7. The third one was proposed by Neugebauer et. al.8 while analyzing the exact
solutions of general relativity equation with cylindrical symmetry9. It may be mentioned
that it was the observation of Belinsky and Zakharov that a Lax pair can be written down for
such systems. Here, we proceed to study and construct multi-soliton solution of equation-(4)
with the help of method due to Neugebauer et. al.
Let, e0, ρ0, n0 be a known seed solution of the set 2 and let ψ0 be the corresponding
Lax eigenfunction solution of equation(15, 16). Then as per reference(8) we write the new
eigenfunction as10
Ψ = ΨsΨ0 (16)
with
Ψs = µ(ζ)P (z, x, ζ) (17)
and
P =
N−1∑
j=1
ζj
(
Qj Rj
Sj Tj
)
+ ζN
(
1 0
0 1
)
(18)
This transformation should satisfy the following conditions;
(i)P (x, z, ζ) is a polynomial in the spectral parameter ζ .
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(ii)The new Lax operator should also obey the symmetry condition: σ1Lσ1 = L
T .
(iii)detMN = 1.
(iv) The zeros ζ = ζj and ζ = ζ¯j, j = 1, 2, · · · , N of P (ζ) do not depend on x, and t.
(v) Furthermore, at the zeros of detP (ζ) we should have
φˆ(ζj) = bjψˆ(ζj) (19)
with j = 1, 2, · · · , N of P (ζ). Here,φˆ(ζj) and ψˆ(ζj) are two sets of solutions of the Lax
equations. In order to ensure that Ψ is a new solution we consider
U = PxP
−1 + PU0P
−1
V = PtP
−1 + PV0P
−1 (20)
(vi) And last but not least the analytic structure of U and V in the ζ plane remain
intact. That is the new U and V should be of the form
V = D(x, z) + ζW (x, z)
U = H(x, z) + ζK(x, z) +
L(x, z)
ζ + βδ
(21)
Writing the equation in full weight
[
iζ
(
−1 0
0 1
)
+ β
(
0 e
−e∗ 0
)][N−1∑
j=1
ζj
(
Qj Rj
Sj Tj
)
+ ζN
(
1 0
0 1
)]
=
N−1∑
j=1
ζj
(
Qjx Rjx
Sjx Tjx
)
(22)
+
[
N−1∑
j=1
ζj
(
Qj Rj
Sj Tj
)
+ ζN
(
1 0
0 1
)][
iζ
(
−1 0
0 1
)
+ β
(
0 e0
−e∗0 0
)]
(23)
which leads to
e = e0 +
2i
β
RN−1 (24)
e∗ = e∗0 +
2i
β
SN−1 (25)
Let us now go back to equation(20), which explicitly written leads to
[(
A B
C −A
)][N−1∑
j=1
ζj
(
Qj Rj
Sj Tj
)
+ ζN
(
1 0
0 1
)]
=
N−1∑
j=1
ζj
(
Qjz Rjz
Sjz Tjz
)
+
[
N−1∑
j=1
ζj
(
Qj Rj
Sj Tj
)
+ ζN
(
1 0
0 1
)][(
A0 B0
C0 −A0
)]
(26)
Equating similar power of ζ element-wise we get;
n = n0 + 2β
2δ[
2i
β
(e0SN−1 + e
∗
0RN−1)−
4
β2
RN−1SN−1]
4
+2β[
2i
β
(e0SN−1 + e
∗
0RN−1)−
4
β2
RN−1SN−1]QN−1
−2[i(2βδ −
1
2β
)(e0 +
2i
β
RN−1)− (e0x +
2i
β
(RN−1)x)]SN−1
−
2i
β
(QN−1)z − 2[e
∗
0x + i(2βδ −
1
2β
)e∗0]RN−1
−4i[(e0 +
2i
β
RN−1)SN−2 + e
∗
0RN−2] (27)
and
ρ = ρ0 + 4iδ(RN−1)x −
2δ
β
RN−1
+2[β{2 | e0 |
2 +
2i
β
(e0SN−1 + e
∗
0RN−1)
4
β2
RN−1SN−1}+
δ
β
]RN−1
−2(4δ −
1
β2
)RN−2 −
8
β
RN−3
+2[e0x +
2i
β
(RN−1)x − i(2βδ −
1
2β
)(e0 +
2i
β
RN−1)]TN−1
−2[e0x − i(2βδ)e0]QN−1 + 4ie0QN−2 −
2i
β
(RN−1)z − 4i(e0 +
2i
β
RN−1)TN−2 (28)
with a similar expression for ρ∗ in terms of ρ∗0 and other functions. So the full transformation
will be known if the coefficient functions QN−1, RN−1, QN−2 and RN−2 can be determined.For
this let us go back to equation(21) and consider both sides to be transformed by the poly-
nomial matrix P (x, z, ζ). These leads to the following set of equations:
N−1∑
j−1
(Qj + νiRj)ζ
j
i = −ζ
N
i
N−1∑
j−1
(Tj + ν
−1
i Sj)ζ
j
i = −ζ
N
i (29)
which gives us a set of linear equations for Qi, Si, Ri and Ti . In equation(29)
νi =
ψ021 − biψ
0
22
ψ011 − biψ
0
12
(30)
By Cramer’s rule one can write
QN−k = −
∆QN−k
∆
RN−k = −
∆RN−k
∆
SN−k = −
∆SN−k
∆
TN−k = −
∆TN−k
∆
(31)
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Where
∆ =
∣∣∣∣∣∣∣∣∣
1 ν1 ζ1 ν1ζ1 ζ
2
1 . . . ζ
N−1
1 ζ
N−1
1 ν1
1 ν2 ζ2 ν2ζ2 ζ
2
2 . . . ζ
N−1
2 ζ
N−1
2 ν2
...
...
. . .
...
1 ν2N ζ2N ν2Nζ2N ζ
2
2N . . . ζ
N−1
2N ζ
N−1
2N ν2N
∣∣∣∣∣∣∣∣∣
(32)
and
∆QN−k = det(1, νi, ζi, νiζi, ζ
2
i , · · · , ζ
N−k−1
i , νiζ
N−k−1
i , ζ
N
i , ζ
N−k
i νi, · · · , ζ
N−1
i , ζ
N−1
i νi)
∆RN−k = det(1, νi, ζi, νiζi, ζ
2
i , · · · , ζ
N−k−1
i , νiζ
N−k−1
i , ζ
N−k
i , ζ
N
i , · · · , ζ
N−1
i , ζ
N−1
i νi)
∆TN−k = det(1, ν
−1
i , ζi, ν
−1
i ζi, ζ
2
i , · · · , ζ
N−k−1
i , ν
−1
i ζ
N−k−1
i , ζ
N
i , ζ
N−k
i ν
−1
i , · · · , ζ
N−1
i , ζ
N−1
i ν
−1
i )
∆SN−k = det(1, ν
−1
i , ζi, ν
−1
i ζi, ζ
2
i , · · · , ζ
N−k−1
i , ν
−1
i ζ
N−k−1
i , ζ
N−k
i , ζ
N
i , · · · , ζ
N−1
i , ζ
N−1
i ν
−1
i )(33)
3 Conclusion
In our above analysis we have deduced the formula for N-soliton solution for coupled nonlin-
ear system of NLS equation and two other evolution equations involving population difference
and polarization of the medium. These equations describe the pulse propagation when the
present nonlinearity in both resonant and non-resonant type. An important difference with
usual nonlinear problem is that all the nonlinear fields are not present in both part of the
Lax pair. So the Darboux transformation need to be applied to the two part of the Lax pair
separately for the derivation of the N-soliton formulae for all the variables n, ρ, ρ∗, e and e∗.
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